SHARP WEIGHTED BOUNDS INVOLVING A 
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Abstract. We improve on several weighted inequalities of recent interest by 
replacing a part of the A p bounds by weaker estimates involving Wilson's 
Aoo constant 

Maoo :=sup— TTn / m ( w xq)- 

Q w{Q) Jq 

In particular, we show the following improvement of the first author's A2 
theorem for Calderon-Zygmund operators T: 

< c t H^(M Aoo + I^Ia J 1/2 - 

Corresponding A p type results are obtained from a new extrapolation theorem 
with appropriate mixed Ap-Aoo bounds. This uses new two-weight estimates 
for the maximal function, which improve on Buckley's classical bound. 

We also derive mixed A^-Aoa type results of Lerner, Ombrosi and the 
second author (Math. Res. Lett. 2009) of the form: 

\\T\\a(LP(v,)) <cpp'Hy i P (MA 00 ) 1/p ': KjXoo, 
< c[w\ Al log(e + [w]' Aao )\\f\\ L i (w) . 

An estimate dual to the last one is also found, as well as new bounds for 
commutators of singular integrals. 

1. Introduction and statements of the main results 

The weights w for which the usual operators T of Classical Analysis (like the 
Hardy-Littlewood maximal operator, the Hilbert transform, and general classes of 
Calderon-Zygmund operators) act boundedly on L p (w) were identified in the 1970's 
in the works of Muckenhoupt, Hunt, Wheeden, Coifman and Fefferman [5l fT5l [31] . 
This class consists of the Muckenhoupt A p weights, defined by the condition that 
(see [IS]) 

[w] Ap ■= sup (I tvj(J- w- 1/{p - 1] y <oo, pe(l,oo), 

where the supremum is over all cubes in M. d . Hence it is shown for any of these 
important operators T, whether it is linear or not, that 

\Tf\\LP(w) 



\T\\sg(LP( w )) '■— sup ■ 



f^O \\.T\\lp{w) 

is finite if and only if [w]a p < 00. 
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l.A. The A p theory. 

It is a natural question to look for optimal quantitative bounds of ||T , ||^(Lp( t0 )) 
in terms of [zz>].a . The first author who studied that question was S. Buckley in his 
1992 Ph.D. thesis (see [3]) who proved 

i 

||Af|U(Lp(tu)) < c P ,d [Ma], 1 1<p<oo, (1.1) 

where M is the usual Hardy-Littlewood maximal function on R d . However, there 
has been a big impetus on finding such precise dependence for more singular op- 
erators after the work of Astala, Iwaniec and Saksman [T] due to the connections 
with sharp regularity results for solutions to the Beltrami equation. The key fact 
was to prove that the operator norm of the Beurling-Ahlfors transform on L 2 {w) 
grows linearly in terms of the A-i constant of w. This was proved by S. Petermichl 
and A. Volberg [33] and by Petermichl [411 112"] for the Hilbert transform and the 
Riesz transforms. To be precise, in these papers it has been shown that if T is any 
of these operators, then 

max{l, jrf } , , 

\\T\\fij {L p(w)) < c p , T [w\ Ap p . (1.2) 

The exponents are optimal in the sense that the exponent cannot be replaced by 
any smaller quantity. It was conjectured then that the same estimate holds for any 
Calderon-Zygmund operator T. This was first proven for special classes of integral 
transforms (TJ 123) and finally, for general Calderon-Zygmund operators by the first 
author in [16], using the main result from |37] where it is shown that a weak type 
estimate is enough to prove the strong type. A direct proof of this result can be 
found in 120]. Other related work are [H HI [21 HI EH] . 

The main purpose of this paper is to show that these results can be further 
improved. To do this, we recall the following definitions of the Aoo constant of a 
weight w. First, there is the notion introduced by Hruscev [14] (see also |13|): 

Naoo : = SU P (J- cxp (J loguT 1 ), 

and second, the smaller (as it turns out) quantity, which appeared with a differ- 
ent notation in the work of Wilson [151 SHI 110] and was recently termed the 'A^ 
constant' by Lerner |24[ Section 5.5]: 

[w]' Aoo := SU P TTvT / m {wxq)- 
Q w{Q) Jq 

Observe that 

Cd[w]' Aaa < [w] Aoo < [w]a p , Vp G [l,oo), 

where the second estimate is elementary, and the first will be checked in Propo- 
sition [272j While the constant [wJaoc is more widely used in the literature, and 
also more flexible for our purposes, it is of interest to observe situations, where 
the smaller constant [w]' A is sufficient for our estimates, thereby giving a sharper 
bound. 

Now, if a = w -1 /^" 1 ) is the dual weight of w, we also have [<t\ a 1 < [c]^, 1 = 
[hj]a p - The point here is that these quantities can be much smaller for some classes 



SHARP WEIGHTED BOUNDS INVOLVING A 



3 



*(p) [,„l^(p)[^.j(p- 1 )7(p) 



of weights. Our results will be of the form 

sometimes even with the smaller [ ]' A constant instead of [ ]a 00 , where the sum 
is over at most two triplets (a, /3, 7), and the exponents satisfy a(p) + Pip) + 
jip) = Tip), where r(p) is the exponent from the earlier sharp results, as it should. 
However, we will have a(p) < r(p), which shows that part of the necessary A p 
control may in fact be replaced by weaker Aoo control. 

As in the usual key point to understand our main result for Calderon- 

Zygmund operators is to consider hrst the case p = 2. 

1.3. Theorem. Let T be a Calderon-Zygmund operator, w G A2 and a = w . 
Then there is a constant c = Cd,T such that 

imu (L2W) < cm£(m^ + [v-^aS' 2 

<c[w] A /2 2 ([w] Ax +[w- l ] Aoo ) 1/2 . 

We will prove this by following the approach form |16[ [20] to the A2 theorem 
l|r||.®(L 2 (tu)) < c t [w]yi 2 , and modifying the proof at some critical points. Indeed, 

the original argument uses the A2 property basically twice, each producing the 

1/2 

factor [w] A , and it suffices to observe that only the Aca property is actually needed 
in one of these estimates. 

An interesting consequence of this theorem is the following: for any fixed Calderon- 
Zygmund operator T, we have 

inf " T "-^ 2 W> =0 . (1.5) 
w&A 2 [w\a 2 

This follows once we describe, in Section [5J a family of weights w G A2 for which 
both [w]^ an d Mac ( an d even [w]^ and [cr]^) grow slower than [w]a 2 - I n 
particular, the "reverse A 2 conjecture" [w]a 2 < ct ||T||^(.l 2 (u;)) is false. 

The result for p ^ 2 will be obtained by means of a new quantitative variant of 
the Rubio de Francia extrapolation theorem adapted to the A^ control, which we 
discuss further below. 

1.6. Corollary. Let T be a Calderon-Zygmund operator and let p G (l,oo). Then 
if w G A p and a = w~ 1 '^ p ~ 1 ' , we have 

imu^.), < mX p " 1/2 (h£ + Ht^^WAj 2 ^- 1 

<WTA[°]'aJ 2/P - 1 /OTP G (1,2], 



(1.7) 



IT 



I < U^/P-V^P-I)] / r il/[2(p-l)] r ,1/2 \ n y \l-2/p 

\&(Lv(w)) ^ [ w \a p [y^lA^ +l a lA oa )\l W iA aa ) 

<HTA\M'aJ 1 - 2/p forpe[2,oo). 



(1.8) 



Here the simpler forms of the estimates in (| 1 . T[) and (|1.8|) are almost as good as 
the more complicated ones, since for many common weights, like power weights, we 
have [w]a x + WYa* ~ [ w \a p \ see Section |U 

These two statements (|1.7|) and (|1.8[) are actually equivalent to each other by 
using 

\\T\\m(LP(w)) = \\ T *\\sg(Lv'(a)) 
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and the fact that T* is also a Calderon-Zygmund operator. 



l.B. The maximal function and extrapolation with control. 

As mentioned above, a key point to understand Corollary 11.61 is to prove a 
version of the quantitative extrapolation theorem adapted to control. The 
proof of this theorem requires to study the corresponding question for the Hardy- 
Littlewood maximal function, which we first do in a two-weight setting. We need 
a new two- weight constant B p [w,a] defined by the functional 

B p [w,cr} := sup (J- wj(J- exp (+ logcr -1 ). (1.9) 

which clearly satisfies 

[w] Ap <B p [w,a]< [w] Ap [a] Aoo . 

1.10. Theorem. Let M be the Hardy- Littlewood maximal operator and let p G 
(l,oo). Then we have the estimates 

\\M(f<j)\\ LP{w} <C d -p'- (B p [w,o-]) l/p \\f\\ LP(a) , (1.11) 

and 

\\M(fa)\\ LHw) <C d -p' ■ ([w} Ap [a}' A J 1/p \\f\\ LP{<T} . (1.12) 

We refer to Section |4] for the proof and for more information and background 
about this two- weight estimate for M. By a well-known change-of-weight argument, 
(TTTT2"]) implies: 

1.13. Corollary. For M and p as above, and a = w^ 1 ^ p ~ 1 \ we have 

\\MU (LP(W)) < C d -p' ■ ([w] Ap [a]' A J 1/p . (1.14) 

This improves on Buckley's theorem ||M||^nr <C d -p'- [Ha ■ Corol- 
lary [L13l at least for p = 2, was also independently discovered by A. Lerner and 
S. Ombrosi gS]. 

We now recall the following quantitative version of Rubio de Francia's classical 
extrapolation theorem due to Dragicevic, Grafakos, Pereyra, and Petermichl |10j : 
If an operator T satisfies 

\\T\\sS(L-(w)) < <P([w]A r ) 

for a fixed increasing function <p and for all w G A r , then it satisfies a similar 
estimate for all p G (1, oo): 

< 2^ (c PlM M^ {1 ' (r - 1)/(p - 1)} ) ; 

in particular, llTH^go/-^)) < [u>]^ r ' 1 implies that 

MTU < r„,,l^M max{l,(r-l)/(p-l)} 

With our new quantitative estimates involving both A p and Aoc control, it seems 
of interest to extrapolate such bounds as well. Hence we consider weighted estimates 
of the form 
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where tp : [l,oo) 3 — > [0, oo) is an increasing function with respect to each of the 
variables. An example is our bound for singular integrals (|1.3p . where 

<p(x,y,z) = Cx 1 / 2 (y + z) 1/2 . (1.16) 

We now aim to extrapolate bounds like (| 1 . 1 5|) from the given r S (l,oo) to other 
exponents p £ (1, oo). 

1.17. Theorem (Lower Extrapolation). Suppose that for some r and every w £ A r , 
an operator T satisfies (| 1 . 1 5|) . Then for every p £ (1,?"), it satisfies 

\\Tfh nw) < 2 V ({2\\M\\ m{LP{w)) y-P ([w] Ar , [w} Aoo , \\f\\ LHw) 

<2^(( C(i (Hi P [ W - 1/(p -tj 1/ T- p 

In typical applications, like (| 1 . 1 6|) . the function tp will have a homogeneity of the 
form tp{Xx 1 \y, \z) — X s tp(x, y, z), and hence the common factor 

(2||M||^ W) )^ < (Q(HA p [»- 1/(p -%J 1/p ) r - p 

may be extracted out of tp. 

Observe that the condition (|1.15|) is of course implied by the stronger inequality 

however, even if we have this stronger inequality to start with (as is the case with the 
A2 theorem for Calderon-Zygmund operators) , we do not know how to exploit it to 
get a stronger conclusion than what we can derive from (|1.15[) . A related difficulty 
will be pointed out in the proof. This is why we restrict to the assumption (|1.15[) 
only. 

1.18. Theorem (Upper Extrapolation). Suppose that for some r and every w £ A r , 
an operator T satisfies (| 1 . 1 5|) . Then for every p £ (r, 00), it satisfies 

\\Tf\\ L v M < 2p((2\\M\\ mLP , {wl - P , )} )^/^ 

<2^(( Cd NX P (H^) 1/p ') (p - r)/(p " 1) 

It is immediate to check that Theorems 11.171 and 11.181 in combination with 
Theorem ll.31 give Corollarv ll.6l In fact, thanks to the mentioned equivalence of the 
two parts (|1.7p and (|1.8p of Corollarv ll.61 we would only need one of Theorems 1 1.1 71 
and 11.181 to deduce this corollary. But for other classes of operators without a 
self-dual structure, it is useful to have both upper and lower extrapolation results 
available. 
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l.C. The Ai theory. 

It is an interesting fact that if we assume that the weight satisfy the stronger 
condition w € A±, then the estimate (|1.2[) can be considerably improved. Indeed, 
if T is any Calderon-Zygmund operator, then T is of course bounded on L p (w), 
because A\ C A p but with a much better bound, namely 

\\T\\sg {L P {w )) < epp' [w] Al , l<p<oo. (1.19) 

Observe that the dependence on the A\ constant is linear for any p while in the A p 
case it is highly nonlinear for 1 < p < 2, see (|1.2|) . The result is sharp both in terms 
of the dependence on [w] Al , an d in terms of the dependence on p when taking w = 1 
by the classical theory. This fact was used to get the following endpoint result: 

\\Tf\\ L i,~ (w) < c[w] Al log(e + [w] Al )\\f\\m w )- (1-20) 

See [27] and also [26] for these results and for more information about the problem. 
It was conjectured in |27| that the growth of this bound would be linear; however, 
it has been recently shown in [33] that the growth of the bound is worse than linear. 
It seems that most probably the L log L result (|1.20p is the best possible. 

On the other hand, in [28] a sort of "dual" estimate to the last bound was found, 
which is also of interest for related matters: 

Tf 



w 



<c[w} Al \og(e+[w} Al ) / |/| dx. 

L 1 .°°(tu) 



In this paper we improve these results following our new quantitative estimates 
involving this time A\ and Aaa control. To be precise, we will prove the following 
new results: 

1.21. Theorem. Let T be a Calderon-Zygmund operator and let 1 < p < oo. Then 

\\T\\ mLP{w)) < epp' [w^aw^y/p 

where c = c(d, T). 

We will prove this by following the approach from [2^1 I2T] to (| 1 . 1 0|) , modifying 
the proof at several points. In analogy to (|1.5p . Theorem 11.211 disproves the "reverse 
Ai conjecture" [w] Al < ct \\T\\ag(Lp(w)) i° T a U P € (l,oo): considering a family of 
weights w G A\ for which [wJa^ grow slower than [u/]ah for any fixed Calderon- 
Zygmund operator T, we have (see Section [5] for details) 

. , \\T\\sg(LP(w)) 

mi — =0, 1 < p < oo. 

weA 1 [w\ Al 

Finally we will also use the approach from [57] and [3S] to prove the following 
theorems respectively. 

1.22. Theorem. Let T be a Calderon-Zygmund operator. Then 

\\Tf\\ L ^~(w) < c d ,T [w)ai log(e + [w}' Aao )\\f\\ L i {w) . 

1.23. Theorem. Let T be a Calderon-Zygmund operator. Then 
Tf 



w 



ri , < c dtT [w}' Aoc log(e+ HaJ) ||/||li(e")- 

L 1 ' 00 (in) 
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l.D. Commutators with BMO functions. 

We further pursue the point-of-view by proving a result in the spirit of 
Theorem 11.31 for commutators of linear operators T with BMO functions. These 
operators are defined formally by the expression 

[b,T]f = bT(f)-T(bf). 

More generally we can consider the kth order commutator defined by 

T b k := [b,^- 1 ]- 

When T is a singular integral operator, these operators were considered by Coif- 
man, Rochberg and Weiss [5] and since then many results have been obtaind. We 
refer to [3] for more information about these operators. It is shown in [3] that if T 
is a linear operator bounded on L 2 (w) for any w £ A 2 with bound 

\\T\\&(l*( w )) < <p([w]a 2 ), 

where tp is an increasing function tp : [l,oo) — > [0, 00), then there is a dimensional 
constant c such that 

\\[ b , T ]\\sg(L 2 (w)) < C<p(c[w]A 3 ) [w]A 2 \\b\\BMO- 

In particular, if T is any Calderon-Zygmund operator we can use the linear A 2 
theorem for T to deduce 

\\[b,T]\\ mL 2 {w)) < c[w}\ 2 \\b\\ B MO, 

and the quadratic exponent cannot be improved. 

An analogous result adapted to the A^ control reads as follows: 

1.24. Theorem. Let T be a linear operator bounded on L 2 (w) for any w <E A- 2 
and let b £ BMO. Suppose further that there is a function tp : [l,oo) — > [0, 00), 
increasing with respect to each component, such that 

\\T\\m(L^w)) < ^(n^.H^-H^)- 

then there is a dimensional constant c such that 

\\[b,T]\\ mL 2 {w)) < ctp(c[w}A 21 c[w]' Aoo , c[<t}' Aco ) ([w]' Aoc + [cr]' Aao ) \\b\\ B MO, 
or more generally 

\\T b k \\, AL 2 {w)) <cp(c[w] A2 ,c[w]' Aoa ,c[a]' Aa }j ([w]' Aoo +[a}' A J k \\b\\ k BM0 . 

We can now apply Theorem II .31 

1.25. Corollary. Let T be any Calderon-Zygmund operator and let b € BMO. 
Then 

\\[b,T}\\ fiJ{L 2 {w}} < c[w] A ^ ([w]' Aao + [uT 1 ]^) 372 \\b\\ BMCh 
or more generally, 

\\T b k U iLHw)) <c[w]% {[w]' Aoc + [a]' A J k+1/2 \\b\\ k BM0 . 
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I.E. An end-point estimate when p = oo. 

Having investigated the sharp bounds for Calderon-Zygmund operators T : 
L p (w) — > L p (w) for p £ (l,oo) and w € A p , we finally consider the end-point 

T : L°°(w) ->• BMO(ui), w £ A x . 

Qualitatively, this situation seems slightly uninteresting, as these end-point spaces 
simply reduce to their unweighted analogues: That L°°(w) = L°° with equal norms 
is immediate from the fact that w and the Lebesgue measure share the same zero 
sets for w £ A^. That the weighted norm 

||/||bmo(«0 : = supinf — — — f \f - c\w < oo, 

q c HQ) Jq 

is equivalent to the usual ||/||bmo for u) € A^ was proven by Muckenhoupt and 
Wheeden |32| . Theorem 5. However, one may still investigate the quantitative 
bound of operators T : L°° — > BMO = BMO(w), when the latter space is equipped 
with the norm || ||bmo(uj)- We start with: 

1.26. Theorem. For w 6 Aoo, we have a bounded embedding I : BMO e — > BMO(w) 
of norm at most c[w]' A , where c is dimensional. This estimate is sharp in the 
following sense: if the norm of the embedding is bounded by <fi([w] A ), or just by 
())([w] Ax ), for all w G A^, then <p(t) > ct. 

The following corollary for Calderon-Zygmund operators can be seen as an easy 
endpoint estimate of the bound ||T , ||^(lp( U) )) < c p> t [w\a p for V € [2,oo). 

1.27. Corollary. Let T be any Calderon-Zygmund operator and let w S A^, then 
T : L°° — > BMO(w) with norm at most ct [w]' a . Furthermore, this estimate is 
sharp in terms of the dependence on [w]' A in the same way as Theorem \1.2b\ 

We conclude the introduction by stating the following observation which may be 
of some interest. 

1.28. Proposition. If w £ A m , then \ogw £ BMO with 

|| logw|| B MO < log(2e[iy]yi 00 )- 

2. The two different constants 

Before pursuing further our analysis of inequalities with A x control, we include 
this short section to compare the two constants 

Ha„ := sup (+ w) cxp (f logw -1 ), [wYaoo '■= SU P — 77^ [ m ( w Xq)- 
Q Vq ' Vq ' Q w{Lj) J Q 

We need the following auxiliary estimate, which is also used later in the paper: 
2.1. Lemma. The logarithmic maximal function 

M f := supexp ( I log |/|) \Q 
Q vq ' 

satisfies 

\\M f\\ L , < c d /p \\f\\ L , 

for all p £ (0, oo). For the dyadic version, we can take Cd = e, independent of 
dimension d. 
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Proof. By Jensen's inequality and the basic properties of the logarithm, we have 

Mo/ < Mf, Mo/ = (M0I/I 1 / 9 ) 9 < (M\f\^y, q e (0, 00), 

where M is the Hardy-Littlewood maximal operator, or the dyadic maximal opera- 
tor in the case of dyadic M . By the L q boundedness of the usual maximal function 
for q > 1, we have 

[M f] p < f [M|/|"/«]« < (C d ■ q'f f (\f\*>/«Y = (C d ■ q'f f l/l?. 



In the non-dyadic case, we simply take, say, q = 2, giving the claim with c d = 
(2C<j) 2 . In the dyadic case, we have Cd = 1, and we can take the limit q — > 00, 
which gives 

and hence ||Mo/||£ P < e||/||^ p . □ 

2.2. Proposition. We have [w]' Aaa < CdlwjA^, where c d is as in Lemma \2.1\ 

Proof. For x £ Q, it is not difficult to see that for the computation of M(wxq)(x), 
it suffices to take the supremum over cubes R 3 x with R C Q: 



M{wxq){x) = sup f w, Vie Q. 

RBx J Ft, 



RCQ 

By definition of [w]^^, we have 



f w < [w] A<xl exp ( f log^ 
Jr k Jr 



1 n 

and hence, taking the supremum over R, 

M{w XQ ){x) < [w] Aoo M (w X q)(x), Vx 6 
Integration over Q and application of Lemma 12.11 now give 



M(wxq) < [w] Aoo J M (wxq) < [w] Aaa c d J w X q = c d [w} Aoo w(Q); 

thus [w]' A ^ < Cd[w] Aoa . □ 

It is a well known fact that any weight satisfies a reverse reverse Holder 
inequality playing a central role in the area. In this paper a sharp version of this 
property will also play a fundamental role. To be precise if w G we define 

. . 1 
r{w) := 1 + — j—p — 

where is a dimensional constant that we may take to be 7^ = 2 11+d . Note that 
r(w)' w [w]' A . The result we need is the following. 

2.3. Theorem (A new sharp reverse Holder inequality). 

a) If w £ Aoo , then 

Nl/r(ti>) r 
w r{w) j < 2j w. 
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b ) Furthermore, the result is optimal up to a dimensional factor: If a weight w 
satisfies the reverse Holder inequality 

then [w\' A < Cd ■ K ■ r' . 

This result is new in the literature and has its own interest. In the classical 
situation most of the available proofs do not give such explicit constants, which are 
important for us. Only under the stronger condition of A\ was found and used in 
a crucial way in |27| . Very recently a very nice proof by A. de la Torre |46) for 
the case [iu]aoo was sent to us. Another less precise proof and for the A p case, 
1 < p < oo, can be found in |34| . 

Part b) follows from the boundedness of the maximal function in L r with constant 
car': 

j m{xqw) < (j^M{ XQ wY) llr 

<c d -r'^ <c d -r' Kj w. 

3. The A 2 theorem for Calderon-Zygmund operators 
The purpose of this section is to prove Theorem ll.3[ namely, the estimate 

imU (W) < 4»]^(HL + MaJ 1/2 . 

where c = Cd,T is a constant depending on the dimension and the operator T. 
Here and throughout this section, a = w~ x . This improves on the A 2 theorem 

m- 

\\T\\&(L3(w)) < c[w]a 2 , 
and its proof follows the same outline, with the implementation of the A^ philos- 
ophy at certain key points. 

3. A. Reduction to a dyadic version. 

Fundamental to this proof strategy is the notion of dyadic shifts, which we recall. 
We work with a general dyadic system @, this being a collection of axis-parallel 
cubes Q, whose sidelengths i{Q) are of the form 2 fe , k € Z, where moreover QnR G 
{Q, R, 0} for any two Q,R € @, and the cubes of a fixed sidelength 2 fc form a 
partition of M. d . Given such a dyadic system, a dyadic shift with parameters (m, n) 
is an operator of the form 

IE/ = £ A K f, A K f = -L Y, (h J n f)kj, 
Kes> ' ' ije&-J,JCK 

i(i)=2~ m e(K) 

e(J)=2- n £(K) 

where hj is a generalized Haar function on / (supported on /, constant on its 
dyadic subcubes, and normalized by ||/i/||oo < 1), and kj on J. This implies that 
|Aff/l < Xk ■ \K\~ X ' J K l/l- F° r an Y subcollection £1 C £P, we write 

ni^/ := Y A i<f, (3.1) 
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and we require that ||LU^/||i2 < ||/||l2 for all S C This is automatic from 
straightforward orthogonality considerations in case we only have cancellative Haar 
functions with J hj — f kj = 0. 

Dyadic shifts with parameters (0, 0) are well known in dyadic harmonic analysis 
under different names. Auscher et al. [2] study such operators under the name 
perfect dyadic operators, which they decompose into a sum of a Haar multiplier (or 
martingale transform), a paraproduct, and a dual paraproduct. These three types of 
operators are of course well-known since a long time. The first dyadic shift (and this 
name) with parameters (0, 1) was introduced by Petermichl [40] . and the definition 
in the above generality was given by Lacey, Petermichl and Reguera |23| . 

The importance of these dyadic shifts for the analysis of Calderon-Zygmund 
operators comes from the following: 

3.2. Theorem (Dyadic representation theorem; [161 120). Theorems 4.2 and 4.1). 

Let T G ,^{L 2 {W 1 )) be a Calderon-Zygmund operator which satisfies the standard 
estimates with the Holder continuity exponent a € (0, 1] . Then it has the represen- 
tation 

oo 

(g,Tf) = c T , d E s £ 2-( m +"> Q / 2 (.g,IH'J-"/>, 

m,n— 

valid for all bounded and compactly supported functions f and g, where LU^ ra is 
a dyadic shift with parameters (m, n) related to the dyadic system 3> , and E@ is 
the expectation with respect to a probability measure on the space of all generalized 
dyadic systems; see [16] for the details of the construction of this probability space. 

This result was preceded by several versions restricted to special operators T: the 
Beurling-Ahlfors transform by Dragicevic and Volberg [11], the Hilbert transform 
by Petermichl [40] , the Riesz transforms by Petermichl, Treil and Volberg [39] , and 
all one-dimensional convolution operators with an odd, smooth kernel by Vaghar- 
shakyan |47| . An immediate consequence of the dyadic representation theorem is 
that Theorem 1 1 . 31 will be a consequence of the following dyadic version: (Similarly, 
the special cases of the representation theorem all played a role in proving the A 2 
theorem for the mentioned particular operators.) 

3.3. Theorem. Let III be a dyadic shift with parameters (to, n), and r = max{m, n}. 
For w G A 2 and a = w , we have 

l|in/IU^) < c( r + i) 2 N^ 2 (N'^ + [a}' A J 1/2 \\f\\m w) - 

The weighted norm of the shifts, in turn, is most conveniently deduced with the 
help of the following characterization of their boundedness in a two- weight situation: 

3.4. Theorem ([20]. Theorem 3.4). Let III be a dyadic shift with parameters (m, n), 
and r = max{m,n}. If for all Q G £F and some B there holds 

( J \m{ XQ a)\ 2 w) V2 < Ba(Q) 1/2 , ( j |LU*( XQ u;)| 2 a) ^ < BwiQ) 1 ' 2 , 

then for a dimensional constant c, we have 

\\W(fa)\\ LHw) < c ((r + l)B + (r + l) 2 (A 2 [w, a]) 1 ' 2 ) \\f\\ L ^ 
where ^[ui, a] is defined by the functional 

A 2 [w, a] := sup (j- w^j (j- cr^j . 
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Observing that for a = w 1 , the last bound is equivalent to 

||III/IU^) <c{(r + l)B + (r + l) 2 HY 2 2 )||/|| i2( . iu) , 

and [wJaooj [ <j ] j 4 00 > 1, we are reduced to estimating the quantity B for a = w . 
Since III and III* are operators of the same form, and by the symmetry of w and 
er, Theorem l3. 41 shows that proving Theorem 13.31 amounts to showing that 



m(w XQ )\ 2 a) 1/2 <c{t + 1)([w] A2 [w]'a^{Q)) 1/2 - 
We observe that 

m (wXQ) = E A k{wxq) + A k(u>Xq), 

KCQ KDQ 

and it suffices to consider the two parts separately. The big cubes are immediately 
handled by the maximal function estimate (see Corollary 1 1.1 31) : 



| J £ A K (w XQ )\\< J ( £ ^-Xk) 2 * 

y KDQ J y KDQ 1 1 

< f M d (w XQ ) 2 <y < MaM'a^Q) = Ha 2 Ha x w(Q)- 
Jq 

Hence, to prove Theorem 13. 3[ we are reduced to showing that 

( / I E A K ( WXQ )\ 2 a) 1/2 <c(r + l)([ W } A . 2 [w}'A^(Q)) 1/2 - 



(3.5) 



Q KCQ 

This is the goal for the rest of this section 



(3.6) 



3.B. Proof of the key estimate 

We follow the key steps from Ql [HI HH • The collection {K e 9 : K C Q} is 
first split into (r + 1) subcollections according to the value of log 2 £(K) mod (r+1); 
we henceforth work with one of these subcollections, which we denote by J?T. This 
is the step which introduces the factor (r + 1), and we will estimate M1j^(wxq) 
with a bound independent of r. 

The collection J(T is further divided into the sets J€ a of those cubes with 

where a < log 2 [iu]A 2 - 

Among the cubes K <G J€ a , we choose the principal cubes .y a = Ufclo so 
that consists of the maximal cubes in J^ a , and ,5^£ the maximal cubes S £ J^ a 
contained in some S' € with a{S)/\S\ > 2a(S')/\S'\. Then 

X a = (J JfT a (S), ,je a {S) :={K eJtr a \KCS, flS' : A'CS'cS}. 

Ses* a 

It follows that 

nijr(wxQ) = E E m ^'(S)(»XQ), (3-8) 
a<iog 2 M-4 2 se,y» 

where we use the notation from (|3.1j) . 

To proceed, we recall the following distributional estimate: 
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3.9. Lemma f|20|. Eq. (5.26)). With notation as above, we have 

a{\m^ a{s) (w X Q)\ >t(w) s ) <Ce- ct a(S) 7 VS e S" a , (3.10) 

where the constants C and c are at worst dimensional. 

This is a powerful estimate which readily leads to norm bounds for (|3.8p . The 
following computation, simplifying the corresponding ones from |16l 1201 123j , is bor- 
rowed from |18| : Denoting 

EjiS) := {j < \UI Jta{s) ( WX Q)\/{w)s <j + l}CS, 

we have 



E m ^ a (S)(wXQ) L2 ^E^ + 1 )| E ( w )s-Xe 3 (s) 
se.y a j=o sg^<* 



L2( CT ) 



= + [ E Ws-Xb,(S)(s)] o-(a:)dj 

< C^(j + 1)( / £ (ttf)|. XBj (S)(a:Ma:)cLr 



j=o se^" 

C E^' + 1 )( E Hl-^-(^))) 

1/2 



C E0' + 1 )( E (w) 2 s -Ce-^a(S)) (by (3T0)) 



1/2 



< e ~ CJ C? + E ( by (E3) for s* e c jr a ) 

<C7-2 a / 2 ( £ ^(5)) V2 . 

In (*) we used the fact that at a fixed x, the numbers (w)s for the principal 
cubes S D Ej(S) 9 x increase at least geometrically, so their I 1 and £ 2 norms are 
comparable. 

We now come to the crucial point, where we can improve the earlier A2 bounds 
to Aoo: 

3.11. Lemma. For the principal cubes as defined above, we have 

w(S)<2-[w]' Aoo -w(Q). 

Proof. Let 

E(S) :=S\\J S'. (3.12) 

S'CS 

The union is the union of its maximal members S', which satisfy 

- \S'\/w(S') ■ w(S') < l\S\/w(S) ■ w(S'), 
hence J2 \S'\ < %\S\, and thus 

\E(S)\ > i\S\. (3.13) 
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Therefore 

E MS) = E E #21^(5)1 

< 2 V / M(wxq) = 2 / M(wxo) < 2 ■ ■ w(Q), 

where the last step was the definition of [w]' A . □ 



Substituting the obtained estimates back to (|3.8|) . we conclude that 



\HIjr(wXQ)\\L*(a) < E I E m ^°(S)( u; XQ) 



< C y, r/2 { e ^k 1 ' 

<C £ ^([w]' Aoo . W (Q)) 1/2 

a<log 2 [w] A2 

<CH A ^([ W ]' A J^ W (Q) 1/2 - 

Recalling the initial splitting of {K E £> : K C Q} into r + 1 subcollections of 
the same form as J£T, this concludes the proof of (|3.6[) , and hence the proof of 
Theorem [331 



4. Two-weight theory for the maximal function 
4. A. Background. 

The two- weight problem was studied in the 1970's by Muckenhoupt and Wheeden 
and fully solved by E. Sawyer in 1982 in [33]. The general question is to find a 
necessary and sufficient condition for a pair of unrelated weights w and a for which 
the following estimate holds 

\\M(fa)\\ LHw) <B\\f\\ LP(rr) . (4.1) 

for a finite constant B. Then the main result of E. Sawyer shows that this is the 
case if and only if there exists a finite c such that 

M(a XQ )(y) p w(y)dy<ca(Q) 

for all cubes Q. Furthemore, it is shown in [3D] that if B denotes the best constant 
then 

(J Q M(a XQ ywdx\ 1/p 

Sw t( — m — ) 

Since this condition is hard to verify in practice, the first author considered in 
[36j conditions closer in spirit to the classical two weight A p condition: 



A p [w,a] := sup [f w)[-j- a 
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which reduces to [w]a if ct = w _1 /(p _1 ) . A consequence of the main result from 
[36] establishes that if 6 > and the quantity 

S q P {j Q W ) MP Wy-^, Q ( 4 - 2 ) 

is finite then the two weight norm inequality (|4.ip holds. A recent result of the 
second author and M. Mastylo [35] allows to go beyond condition (|4.2p and improve 
the main results from [36] . 

In this paper we consider a different new quantity, namely 

B p [w, er] := sup (j- u?) (j- a) exp (j logcr -1 

To understand this new quantity we observe that it is simply the functional on Q 
defining the ^4 p [w, a] condition multiplied by £q crexp (J^q log it -1 ) > 1. Then it is 
immediate that 

A p [w, a] < B p [w,a] < ApliVjojAoola], 

the difference of the last two being that A p [w, erJAoofcr] involves two independent 
suprema, as opposed to just one in B p [u,v]. 

We will consider first the dyadic maximal operator M d , for which we can prove a 
dimension-free bound. Let us also introduce the weighted dyadic maximal function 

M d , a f:= sup^- f \f(y)\a(y)dy, 

which controls Md(fcr) as follows: 
4.3. Theorem. Let p £ (l,oo), then 

\\M d (fa)\\ LP{w) <4e- (B p [w,a}) 1/p \\M d , <r f\\ L P W 
<4 e .p'.( J B p [ W , ( 7]) 1/p !|/||L,( CT ) 

and also 

\\M d (fa)\\ LP{w) < Ae-{[ W ] Av [a)' A J X/v \\M d ^f\\ LP{(T) 

<4e-p'-([ W } Ap [a}' A J 1/p \\f\\ LP{a) . 

The main estimate in both chains of inequalities is of course the first one, since 
the second is simply the universal estimate for the weighted dyadic maximal func- 
tion on the weighted V space with the same weight: 

||-Wd,a||.^(LP(a)) < P' ■ 

Obviously, in this dyadic version, it suffices to have the supremum in the weight 
constants over dyadic cubes only, and to only use the dyadic square function in the 
definition of [<j]' a . And specializing to the case a = w~ 1 '^ p ~ 1 ', by the standard 
dual weight trick, we also get the bounds 

nM ,„ .{^e-p* ■(B p [w,w-V^]) 1/p \\f\\ LP(w)l 

" dfhp(w) -l4 e -/-(N^K^]^) 1/p ll/IU P (.). 

Let us also recall how such dyadic bounds yield corresponding results for the Hardy- 
Littlewood maximal operator by a standard argument. 
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Proof of Theorem \1.1(A Consider the 2 d shifted dyadic systems 

2> a := {2- fc ([0,l) d + m+ (-l) k a) :fceZ,meZ d }, a € {0, 

One can check (perhaps best in dimension n = 1 first) that any cube Q is contained 
in a shifted dyadic cube Q a e 2> a with £(Q a ) < 6£(Q), for some a. Hence 

/ |/| < 6 d / |/| < 6 d M?f, 

JQ JQ a 

and therefore 

Mf<6 d Yl M df- 

a6{0,i} d 

Thus the norm bound for Md may be multiplied by 12 d to give a bound for M. □ 

4.4. Remark. A recent result of the first author and A. Kairema [T7] allows to 
perform a similar trick with adjacent dyadic systems even in an abstract space of 
homogeneous type. Thus, Corollary 11.101 readily extends to this generality as well. 

4.B. Proof of Theorem 

We start by observing that it suffices to have a uniform bound over all lineariza- 
tions 

M(fa) = Xb(Q)(/ct)q, 
where the sets E(Q) C Q are pairwise disjoint. Here we using the following notation 

(f)q = { f = { m 

JQ JQ 

and 

w v(Q) Jq 

where as usual cr(E) = Jq o~{x) dx 
By this disjointness, 

\\M(n\\L HW ) = ( E iv(E(Q))(fv) Q ) 1/p 

Q£3> 

-(E»w<ra(#)Wr 

Now recall: 

4.5. Theorem (Dyadic Carleson embedding theorem). Suppose that the nonnega- 
tive numbers clq satisfy 

J2 a Q - Aa ( RS > yR e ®- 

QCR 

Then, for all p £ [1, oo) and f £ L p (o~), 

<a 1/p -p'-||/IUp M if p>i. 
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Qe 



Since this is a slightly nonstandard formulation, although immediate by inspec- 
tion of the usual argument, we provide a proof for completeness: 

Proof. We view the sum X]q a Q((/)<3) P as an integral on a measure space (9,n) 
built over the set of dyadic cubes @, assigning to each Q £ S> the measure <2q. 
Thus 

E «q((/>q) p = / P^tiiQ e 9 ■■ (f) Q > A}) dA 

~>r-m JO 

poo 

= : / pAP~V(^A)dA 
Jo 

Let £l\ be the set of maximal dyadic cubes R with the property that > A. 

The cubes R <E £2* x are disjoint, and their union is equal to the set {Md a f > A}. 
Thus 

H{3 X ) = E a Q^EE a Q^E MR) = MMd,*f > A), 

Q£J2\ ReS\ QCR Re^i 

and hence 

E «Q((/>Q) P < A P^o-iM^f > A) dA = A||M di(7 /||^ ((T) . □ 

If we apply the Carleson embedding with oq = w(E(Q))(a(Q)/\Q\) P , we find 
that 

HMC/VlIU^) < A 1 /? \\M d ^f\\ LP(a) (4.6) 

provided that 

E w(E(Q))(^y <Aa(R) VRe®. (4.7) 
Note that on E(Q) C Q C i?, we have cr(Q)/|Q| < M(oxr)j an d hence 

E»w))(ifr=/E— ^ p < 



QC7? " QCi? 



< / E X£(g)^(Xi?^)^ < / M{ XR oyw. 

J QCR jR 

So if \\xrM{xr(t)\\lp{u) < A 1 ^a{R) x / p , then (jUTJ) holds, hence by Carleson's 
embedding also (|4.6[) . and therefore the original two- weight inequality 

\\M(fa)\\ LP(u) <AVr\\M d><7 f\\ LP{a) . 

Hence, we are reduced to proving that 

\\ X rM(xrct)\\ p lp{u) < Aa(R), A = (4e) 1/p • B p [w,a]. (4.8) 

(In fact, the argument up to this point was essentially reproving Sawyer's two- weight 
characterization for the maximal function, paying attention to the constants.) 

To prove (|4.8p . we exploit another linearization of M involving the principal 
cubes, as in the proof of the A2 theorem: Let S^q := {R} and recursively 

(<t)q > 2(a) s, Q is a maximal such cube}, 
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and then 5? := IJ^Lg S?h- The pairwise disjoint subsets E(S) C S, defined in (|3TT2]) . 
satisfy \E(S)\ > ||5| by (JSHSJ) , and they partition R. 

If a; £ E(S) and Q 3 x, then (<t)q < 2(a) s, and hence XrM(xrc) < 2(er)s on 
Xb(s)- So altogether 

||XrM( X r CT )||^ w < 2"| XE( S) (v)s\ ' 



Lp(w) 



< 



2 ^sVVjs\) 1*1 



< 2f +1 ^ B p [ W ,a]exp (/ \oga)\E(S)\ (4.9) 

< 2P +1 B p [w,a] f CX P (/ ^)xe(s) 



<2 p+1 B p [w,a] sup xq exp (f log ctxr) 

jRQeS* vq 7 

= 2P +1 B p [ W ,a] / Mo(xrct), 



where Mo is the (dyadic) logarithmic maximal function introduced in Lemma |2. II 
By this lemma, we then have 

WxrM(xr<t)\\ p Lp{u) < 4 p B p [w,a] ■ e ■ a(R), 

which proves (|4.8[) , and hence Theorem 14.31 upon taking the pth root. 

In order to prove the second version of Theorem 14. 31 we only need to make a 
slight modification in the estimate f|4.9[) . We then compute: 



llx«M(x«^,.,< 2 >£^(^)Vl 
se.y 11 11 

<2^£M^ P ^W)| 



<2 p+1 Ha p £ f M{a XQ ) 

Se yJE{S) 

= 2? +1 [w] Ap f M(a XQ ) 



Q 

= 2"+>U>]^a(Q), 

by a direct application of the definition of [f]^ in the last step, and this completes 
the alternative argument. 

4.C. Another proof of Theorem 14.31 

We finish this section by providing yet another proof variant for Theorem 14.31 
This proof is more elementary, since it does not need the reduction to the testing 
condition (|4.8p , and it uses the more standard Calderon-Zygmund-type stopping 
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cubes, instead of the principal cubes. Its disadvantage is the fact the we cannot 
recover the dimension-independence by this argument. On the other hand, the 
proof may be extended to maximal functions defined in term of a general basis (see 
U3] Section IV.4). 

A simpler proof of Theorem \4-3\ with a dimension- dependent bound. Fix a > 2 d . For 
each integer k let 

fl k = {x e R d : M d {fa){x) > a k }. 

By standard arguments we consider the Calderon-Zygmund decomposition and 
there is a family of maximal non-overlapping dyadic cubes {Qk,j} f° r which 0^ = 
U, Qk,j and 

« fc < 177-7 / \f(y)\ °iv) d v < 2 d « fc - ( 4 - 10 ) 



\Qk,j\ 



Now, 



where 



M d {fa)P w dx = V f M d {fa ) p w dx 

< k Jn k \n k+1 

k k,j 

^ aP E fi77-7 / °(v) d y] w (Qk,j) 

kJ \Nk,j\ Jq. ) 

= a P E(d/l>^) P (^) P ^) 

<a?B p [w,a] E((l/Do,J P |^|exp(/ loga(t)dt 
k.j J Qk,j 

= a*>B p [w,a] £ ((l/DgfoQ. 

\Q\ exp (f Q log a) if Q = Q k ,j for some (fc, j), 
else. 



a <3 

By the dyadic Carleson embedding theorem, we can hence conclude that 
f M d (fa)Pwdx<aPB p [w,a}A f (M d;a f) p adx, 

provided that we check the condition 

E a Q= E IQmI cx p(/ logv) <A\R\. (4.11) 

QCR k.y.QkjCR 

To estimate the left side of (|4.11[) . we do first the following: For each (fc, j) we set 
Ek.j = Qk,j \ ^fc+i- Observe that the sets of the family E k .j are pairwise disjoint. 
We claim that 

\Qk,j\<^ ¥ \E kj \ (4.12) 
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for each k,j. Indeed, by (|4.10|) and Holder's inequality, 
\Qk,j H fifc+i| = E IQfc+ul 



Qk+i,iCQ k j J Qk+i,i 



which proves (|4.12p . With /3 = ° d we can estimate the left side of (|4.11l) as 
follows: 



^a Q </3 £ \E kJ \expU hga(t)dt 

(k,j):Q k jGR J Q>*.i 

P J2 [ M (al R )(x)dx 



QCH {k,j).Qh,jQR 

< 



(k,j):Q hJ CR J 



<[3 / MoH^^dx^/Je^i?), 



where we used the definition and the L 1 boundedness of the logarithmic dyadic 
maximal function. This proves (j4.11[) with A = f3 e, concluding the proof. □ 

5. Proof of the extrapolation theorems 

We will prove in this section the Upper and Lower Extrapolation Theorems 1 1.1 71 
and ll.181 Recall that the initial hypothesis is given by the expression: 

for some r £ (1, oo). 

Proof of Theorem \1.17[ Our argument is modeled after a simplified proof of the 
Dragicevic-Grafakos-Pereyra-Petermichl [10] result due to Duoandikoetxea [12] 
(see also [9]). 

Fix some p £ (l,r), w £ A p , f £ L p (w) and g := \ f\/\\f\\ L p(w)- Let 



Rg := y: 



2- k M k g 



k=0 \\™\\&(LP(w)) 

so that 

\g\ < Rg, \\Rg\\ LP{w) < 2|| 5 || LP(ll)) = 2, [Rg] Al < 2||M|| iJ)(!i;) . 
Then by Holder's inequality 

i/p 



\Tf\\ LP(w) = ( J \Tf\r(Rg)-( r -vW r (Rg)( r -v>/ r w) 

i n \ 1 / r / f sl/p-l/r 

\Tf\ r (Rg)-^w) ( / (Rgfw) 



< 



< 



\\Tf\\ L r(w)(2 p ) 1/p - 1/r < 2||T/|U, W , W := (Rg)-^\ 
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By assumption, we have 
where 



\\fhr lW ) = ( / \f\ r (Rf)-^w) ' ||/| 



< ( / \f\r\f\-(r- P ) w ) ||/||(;-^=||/| 



1 "lp{w) ~ \\J\\LP(w)i 

so it remains to estimate the weight constants 

[W]a t , [W] Ax , [W^I {r -^] Aaa . 

Using supq(Rg)^ 1 < [Rg] Al (Rg)~Q 1 or Holder's or Jensen's inequality where 
appropriate, we compute 

(W)q = ((Rg)-^w) Q 

<lR,g} A - p (R9)Q ir - p] HQ, 

{w^'^-^Yq 1 = ((i?< 7 )( 7 - p )/ (r - 1 ^" 1 / (r - 1 %- 1 

< (Rg) r Q p (w-^%-\ 
cxp(-logW / ) Q = (exp(log(i?sr))Q) r ~ p exp(-logw) Q 

< (•R5>Q~ P exp(-logw)Q, 



and 

(cxp(-log^ 1 /( r - 1 %) r " 1 

= (cxp(log(i 1 '. 9 )- 1 >Q) , '^(cxp(-log«;- 1 /(-i) )Q )'- 1 

< [i?. 9 ]^7(i?. 9 )-^)(exp(-log W - 1 /^- 1 )) Q ) p - 1 . 
Multiplying the appropriate estimates and using the definition, we then have 

[W] Ar < [Rg] A - p [w] Ap , [W] Aaa < [Rg} r A - p [w} Aoo , 

^-mr-Dy^ < [Rg] A - p [w- l '^f A -^. 

(We do not know whether it is possible to make similar estimates for [W]' A in 
terms of ; this is the reason why we need to use the [ ] Aao constants in this 

proof.) 

Next, recall that 

[Rg] Al < 2 \\M\\ mLP{w)} <c d -p'- [wfjgUw-Vto-V]'^) 1 '*. 

Thus we conclude the proof with 

\\Tf\\ L » {w) < 2\\Tf\\ Lr(w) < 2y{[W] AT , [WU^iW-y^^Uh^w) 
<2^([i?.g]^7([ W ] Ap ,H Aoo ,[ W - 1 /( P -i)]^ : 1 )))|j/|| iPW 

<2^(2^||M||^ PW) (H Ap ,H^J^- 1/(p - 1) ]t 1) ))ll/!l^w- D 



22 T. HYTONEN AND C. PEREZ 

Proof of Theorem 1 1.18[ Again, our argument is inspired by a simplified proof of 
the Dragicevic-Grafakos-Pereyra-Petermichl (TQj result due to Duoandikoetxea [12] 
(see also [5]). 

Fix some p £ (r, oo), w € A p , f £ L p (w). By duality, we need have 



\\Tf\\ L , (w) = sup / \Tf\hw. 

h>0 J 

We fix one such h, and try to bound the expression on the right. 
Observe that the pointwise multiplication operators 

h^wh: L p \w) -> D>'(w 1 - p '), g^-g: L p '(w 1 - p ') -> L"' (w) 

w 

are isometric. Let R be as in the previous proof, except with p' and a — w 1 ~ p in 
place of p and w: 

2-*M«g 

ng ■ 2s \\ M \\k 

and := w^R^h). Then 

ft < i?'ft, ll^'/ilL,'^) < 2||/i||^ (w) = 2, [wE'/iK < 2||M||^ (CT)) . 
Then by Holder's inequality 

\Tf\hw < f \Tf\{R'h)w = f \Tf\{R , hY p - r ^^ p ~ 1 ^(R'h)^-^ p ^ r '- p ~ 1 ^w 



I |T/| r (JJ'fc) (p ~ r)/Cp ~ 1) t«) 1 r ( y (i? / /i) p /^- 1) u;) 1A 
< \\Tf\\ L r (w) 2 p '' r \ W := {R'h^-^^-^w. 
By assumption, 

\\Tf\\ Lnw) < ^({WU^WU^W-^- 1 ^) \\f\\ L r {w) (5.1) 
where, by Holder's inequality with exponents p/r and its p/(p — r), 

\\f\\ L r (W) = ( J \f\ r W r / p ■ (R> h )( p -r)/( p -l) w ( p -r)/py /r 

< ( / l/l^) VP ( / (R'h) p /( p -V w y /r ~ 1/P < Wfhv^'y/r-V?, 
so altogether, supressing the arguments of tp from (|5.ip . 

\Tf\hw< \\Tf\\ Lr(w) y'" <v(...)ll/IU'(H02 p ' /T ' 

< cp(. . .)(2 p ')V r -V p \\f\\ LP(w) 2 p '/ r ' = 2<p(. . .)\\f\\ LP{w} . 
It remains to estimate 

[W] Ar , [W] Aao , [wr-VCr-D^-D 

for 

W = (R'h) {p - r) /^-^w = [(i2'fe)to] Cp-O/Cp-i) „;(»— i)/Cp-i) . 
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We thus compute 

(W)q = ((R'h) ( P- r V( p -Vw} Q 

< ((R'h)w) { v- r),{p - 1] (w)^- 1)/{p - 1] , 

{W-V^Yq 1 = {{wR'h)-^- r y^- i ^ r -^ w - i '^) r Q i 



< [wR'h^^-^dR'h)! 



IQ 



ex P (-(logM/) Q ) = (exp(log( W i?'/i)- 1 ) Q ) ( ^ r)/(r - 1) (exp(-log W ) Q ) (r 1)/(p - 1] 



(p-r)/(r-l)^ ^? '^,^,„\-(p- r )/('"- 1 ) 
x (exp(-logtu)Q) 



< [(R'h)w]^ r)nr - 1] ((R'h)w] 

,(r-l)/(p-l) 



and 

(exp(-(log^- 1 /('- 1 %)) r - 1 

= (exp((log( U ;i?^)) Q )) ( ^ )/(p - 1) (exp(-log W - 1 /( P -i) )Q) -i 

< ((R'h)w) { P- r)/{r - 1] (cxp(-log U ;- 1 /( p - 1 %) r " 1 . 
Multiplying the relevant quantities, it follows that 

[W] Ar < [( J R^)H^r r)/(p " 1) MX" 1)/( ^ 1) , 
[w] Aoo < [(i?'/ i )HiT r)/(p " 1) Mt 1)/(p " 1) , 
[w- 1/{r - 1} } r A -2 < [{R'h)w\ { v; r)/(p - 1 \w- 1 '^] { Z 1 \ 

Also recall that 

[(R'h)w} Al < 2\\M\\ m{Lpl{w ^ pl)) < aw^'^'H 1 /^ = cMTMT^ 
and thus we conclude with 

\\Tf\\m w) < J \Tf\hw < 2 V ([W] Ar , [W} Aoo , [W- 1 ^- 1 ^) H/lliPC) 

< 2^ ([(iJ'ftH^^-^ClW]^, [W]a„, [^- 1/(r " 1) ]t 1) )) \\fh*( w) 

< 2 V ({2\\M\\ m{Lpl{wl . pl)) )^'^ 

x (M J p ~ 1)/(p_1) , Mfc 1)/(p_1 \ K 17 ^" 1 ^" 15 )) ll/ll^w □ 

6. The .Ai theory, proof of Theorem 11.211 and its consequences 

6. A. The main lemma. 

The proofs of the theorems will be based on the following lemma. 

6.1. Lemma. Let T be any Calderon-Zygmund singular integral operator and let w 
be any weight. Also let p, r € (1, oo). Then, there is a constant c = Cd.T such that: 

\\Tf\\ LP(w) <cpp'{rr /p '\\f\\ LP(Mrw) 
where as usual we denote M r w = M(w r ) 1 ^ r . 
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This is a consequence of the following estimate that can be found in |27) when 
re (1,2]: 

\\Tf\\ LP{w) <cpp\-^) l ~ 1,Pr \\f\\ LP{ 



'LP(M r w) 



(— 1/F '' < ( r ')i-VP+iM' < 2 (r') 1/p ' 
and i 1 /' < 2, t > 1. 

6.B. Proof of the sharp reverse Holder's inequality. 

We need the following lemma: 

6.2. Lemma. For any cube Q and any measurable function w, 



f w log(e + j^-) dx < 2 d+1 f M(w XQ )dx, (6.3) 
Jo W« Jo 



1 f , W (^K 



Hence, if w G A M 

su p -77tT / lo e( e + ff 1 ) ^ ^ 2 " +1 Ma- ( 6 - 4 ) 
q w (<3) wg 

The essential idea of the proof can be traced back to the well known LlogL 
estimate for M in (45]- However these estimates are not homogeneus. A proof 
of this lemma within the context of spaces of homogeneous type can essentially 
be found in [38l Lemma 8.5] (see also |50[ p. 17, inequality (2.15)] for a different 
proof). 

Proof of Lemma \b '.£1 Fix a cube Q. By homogeneity we assume that (w)q = 1. 
The key estimate follows from the "reverse weak type (1,1) estimate": if w is non- 
negative and t > (w)q, 

-( wdx<2 d \{xeQ:M{w X Q){x)>t}\. (6.5) 

* J {xGQ:w(x)>t} 



Now, 



If 1 f°° 1 

— / w log(e + w) dx = — / — — w{{x e Q : w(x) > t}) dt 

\Q\Jq \Q\Jo e + t 



and 



For 77 we use estimate 



1 r 1 
" W\Jo + ]Q\Ji 

I < 1 < 7^7 / M(w XQ )dx. 



I + 11, 



\Q\ 



Q 



i r°° l 

II= Tni —7 w (i x e Q ■ w ( x ) > *» dt 
\Q\Ji e + t 



2<i r°° 
< — 



2 d 
W\ 



\{xeQ:M(wxo)(x)>t}\dt 
M(wXq)(x) dx. 
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This gives ()6.3|1 and (|6.4|) follows from the definiton of [w]' A . □ 

The main use of the Lemma is the following key observation that we borrow 
from [50], p. 45: 

6.6. Lemma. Let S C Q and let A > ; then 

\S\ a , w(S) 2 d+2 [w]' A , /2 

i-|<e- A implies < Li^ + g -A/2 6 7 

\Q\ w{Q) X 

Proof. Indeed, if E x = {x G Q : w(x) > e x (w) Q } then w(E\) < ^-w{Q) by 
Therefore: 

w(S) < w(S n E x/2 ) + w(S \ E x/2 ) < w(Q) + e x ' 2 {w) Q \S\ 

2<i+2 r^i/ 

< LJA°°. W (Q) + e x/2 e~ x W (Q) by the hypothesis in (J6J]) 

A 

= 2d+2[ f A ~ w(Q) + e -^w(Q) 
A 

and this proves the claim (|6.7|) . □ 



Proof of Theorem \2.3\. Recall that we have to prove that 



'<3 
where 

, , 1 

r(w) := H f — T7 — , 

and where t<j is a large dimensional constant. 

Observe that by homogeneity we can assume that j-^w = 1. We use the dyadic 
maximal function on the dyadic subcubes of a given Q: 



w 1+£ < / M d {wxQfw = / Et^wdx e Q : M d {wxQ) > t}) dt. 
Jq Jo 

f 1 r°° dt 

< et £ - 1 w(Q)dt + e et s w({x G Q : M d (wx Q ) > t}) — 
Jo J i t 

r k+1 dt 

he 22 ?w{{x G Q : M d (w XQ ) > t}) — 

k>o Jak 1 

r k+1 dt 

< \Q\ +ea e Va fce / w{{x e Q : M d {wxq) > a k }) — , fora>l, 
= \Q\ + ea e log a ^ a ke w(9. k ) 



k>0 

where 



O fe = {.t G Q : M d (wx Q (x) > a fc }. 

Since a k > 1 = j-Q w we can consider the Calderon-Zygmund decomposition w 
adapted to Q. There is a family of maximal non-overlapping dyadic cubes {Qk.j} 
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strictly contained in Q for which fl k = [Jj Qk,j and 

a k < / w < 2 d a k . (6.8) 

Now, 

fc>0 k,j k,j \ '-' ^ / 

To now need to estimate w(Qkj) and we pursue similarly to Section [4. CI see in 
particular (|4.12| : For each (fc, j) we set E k j = Qk,j \ ^k+i- Observe that the sets 
of the family E k j are pairwise disjoint. But exactly as in (|4.12D we have that for 
a > 2 d and for each k, j: 

\Qk, j \<^ ¥ \E k , j \. (6.9) 
I removed the repetition from Section 14. CI 

We now apply (|6.7p with Q = Q k ,j and S — Q k j fl Q k +i- Choose A such that 
e~ A = — , namely A = log Then applying (|6.7[) we have that 

w (Q kJ nn k+1 ) 2 d + 2 [w]' Aao 2^ 

w(Q kj ) log^ ( a ) • 

Since a > 2 d is available we choose a = 2 d e L ; with i a large dimensional 
constant to be chosen. If in particular L > 2 d+A we have 

w(Q k>j nSl k+1 ) 2 d + 2 fwVt L/2< i i = i 
w(Q fcj ) i 4 4 2 

This yields that w(Q k j) < 2w(E k ^) and we can continue with the sum estimate: 

^ a te »(Q,)<2^(-L/ w(y)d^ w(E kJ ) 
fc>0 fe,j V 1 ^' 1 / 

- 2 J2 [ M d (w X Q) £ wdx < 2 f M d (w XQ ) £ wdx 

Combining estimates we end up with 

/ M d (w XQ yw < 1 + 2ea £ logo-/ M d (wx Q ) £ wdx 
Jq Jq 

for any e > 0. Recall that a = 2 d e L ^ A °c . Hence if we choose 
I wrote the same steps a bit more compactly: 



L = 2 



d+4 



2?L[w]> Aao 2^[w]' A J 
we can compute 

2 £ a e loga<i j^M d {wx Q ) £ w < 2, 
concluding the proof of the theorem. □ 
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6.C. Proof of Theorem 11.211 the strong case. 

The proof is, as in [27], just an application of Lemma 16.11 with a specific pa 
rameter r coming from the sharp reverse Holder inequality given by Theorem 
Indeed, since weiiC ^4oo and if we denote 

r(w) := 1 + — ^ — , 

we have 



w 

1 Q 

Now by Lemma |6. II with r = r(u>), we have 



rW J < 2j w. (6.10) 



l|T/ll iPM <cpp'(r') 1/p '\\f\\ LP{MrW) <cpp'([w]' A J^'\\f\\ LP{2Mw) 

<cpp'{[w]' A J^' [w]^\\f\\ LP{w) 
using the standard notation M r w = M(w r ) 1 / r . This concludes the proof of the 



theorem. 



6.D. Proof of Theorem I1.22L the weak case. 

We follow here the classical method of Calderon-Zygmund with the modifications 
considered in [35] . Applying the Calderon-Zygmund decomposition to / at level A, 
we get a family of pairwise disjoint cubes {Qj} such that 

Let f2 = (J . Qj and O = 2Qj . The "good part" is defined by 

9 = fa* X ®J ^ + /( X )^ c ( X ) 
3 

and the "bad part" b as 

3 

where 

b 3 (x) = {f{x)-f Q] ) XQ {x) 

Then, / = g + b. We split the level set as 

w{x e M d : \Tf(x)\ > A} < w(h) + w{x G (fi) c : \Tb(x)\ > A/2} 

+ w{x G (h) c : |T<7(x)| > A/2} = 1 + 11 + III. 

Exactly as in [35], the main term is III. We first deal with the easy terms / and 
II, which actually satisfy the better bound 

i + ii<\[w} Al \\f\\m W )- 

Indeed, the first term is essentially the level set of Mf: 

I = w{x e M d : Mf(x) > c d A} 
and the result follows by the classical Fefferman- Stein inequality: 

|| M /|| L i,=o W < C d WfU^Mw), 
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For the second term we use the following estimate: there is a dimensional constant c 
such that for any cube Q and any function b supported on Q such that Jq b(x) dx = 
and any weight w we have 

f \Tb(y)\w(y)dy<c d [ \b(y)\ Mw(y)dy (6.11) 

JR"\2Q JQ 

This can be found in Lemma 3.3, p. 413, of |13| . Now, using this estimate with w 
replaced by w XM n\ 2 Q j we have 

H<~f \Tb(y)\w(y)dy 
^ lE f \Tb 3 {y)\w{y)dy < y W \ b M\M(w X )(y)dy 

<-J \f(y)\M W (y)dy+^J2uTl [ M{w X ){x) dx f \f(x)\dx 

Now, to estimate the inner sum we use that M(xR n \2Q/J>) is essentially constant on 
Q, namely 

M(xwLn\ 2Qt x)(y) « M( Xsny2Q n)(z) y,zeQ, (6.12) 

where the constants are dimensional. This fact that can be found in [T3] p. 159. 
Hence, the sum is controlled by 

c d £ inf M(w X )(x) f \f(x)\dx <c d [ \f(x)\ Mw(x) dx. 

This gives the required estimate. 

We now consider last term III, the singular term, to which we apply Chebyschev 
inequality and Lemma |6 . 1 1 with exponents p,r £ (1, oo), which will chosen soon, as 
follows 

III = w{x e {h) c : \Tg(x)\ > A/2} 
^ 11^)11^.) 

<c{p P r(r')7 L f \g\PM r (w X ^ r )dx 

= c(ppr(r'T- 1 \ f \g\M r (w X( a r )dx. 

Now, after using the definition of g we use the same argument as above using (|6.12[) 
with M replaced by M r . Then we have 

[\g\M r (w X(iir )dx<J2uTl[ \f(x)\dx [ M r (w Xp n , 2Q .)(x) dx 
Jq Nil JQj Jq, 3 

< c d V inf M r (w XRn ^ Q )(x) / \f(x)\dx<c d / \f(x)\ M r w(x)dx, 
x Q 1 Jq, Jq 

and of course 

f \g\M r (w Xmc )dx < [ \f\M r wdx. 
Jn? Jqc 
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Observe that r is not chosen yet, and we conclude by choosing as above the 
exponent from Theorem 12.31 

, N 1 

r = r{w) := H ^ — , 

Td M Aao 

namely the sharp A x reverse Holder's exponent. We also choose 



log(e+N^) 

where p < 2 and p' w log(e + [w]' A ). Then we continue with 

r l'2(p-l) 

w{x& (h) c : \Tg(x)\ >\/2}<c[w} Al log(e+N^)^f / |/|2M«;dx. 

c[w] Al (e + \og[w]' A ) [ ... , 

This estimate combined with the previous ones for / and II completes the proof. 

6.E. Proof of Theorem ll.23|, the dual weak case. 

We adapt here the method from [55] where a variant of the Calderon-Zygmund 
decomposition is used, namely the Calderon-Zygmund cubes are replaced by the 
Withney cubes. Fix A > 0, and set 

n x = {x e R d : M^(f/w)(x) > A}, 

where M£ denotes the weighted centered maximal function. Let [Jj Qj be the 
Whitney covering of f2>, and set the Calderon-Zygmund decomposition / = g + b 
with respect to these cubes: The "good part" is defined by 

■9 = fai x Qj ( x ) + f( x )Xn° ( x ) 

3 

and then the "bad part" b is given by 

3 

where 

b j (x) = (f(x)-(f) Qj )x Q .(x). 
By the classical Besicovitch lemma we have, 



w(nx)<^\\f\\ LH 



Hence, we have to estimate 



^*^ A :^#>A) < J^fi A :M>A/2 

W(X) J (_ W(X) 

+ w \ x ^n x :&^>\/2\ 
y w(x) 



By using again (|6.1ip with w = 1, we obtain 



h<\! \Tb{x)\dx< C -Y,l l/-</>Q,l<&<I \\f\\» 



(R d ): 



where c = q t- 
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To estimate I2, we will use the dual version of Lemma l6.1[ namely: 

H T /IL,'((M rW)1 -,<) < <VP'V) W \\f\\L,'W-*>)) ^ 

As before we use Theorem 12.31 with 

r = r(w) := H — , 

T d MAoo 

such that 

l/r 



I w r Y r < 2-f w. 
Jo ' Jo 



Then M r w < 2Mw < 2[w]a 1 w where as usual M r w = M(w r ) 1 / r . Now, combining 
Chebyschev inequality with (j6.13[) with parameter p G (l,oo) that will be chosen 
soon, we have 



op' r , 
h < —r \Tg\v w 1 -? dx 

< LJ£^_ / \ T 9\ P Mrw 1 ^ dx 

< (cpp'/r' 1 \ A ) / \g\ p 'w 1 - p ' dx 
~ \ p J** 



<r ( 1 \p' / Nil 
< {cppf r — ^7— 



If Iff^'dx + ^idfDQy f w'-f'dx) 
\jR d \i1x j JQj J 



We have that |/| < Xw a.e. on M. d \ SI a, and hence 

Iffw 1 -*' dxKXP'-'WfW^y 



Next, following again [28], by properties of the Whitney covering, it is easy to 
see that for any cube Qj there exists a cube Q* such that Qj C Q*, \Q* \ < c n \Qj\, 
and the center of Q* lies outside of Therefore, 



((l/l)Q 3 ) P '- 1 / ^'d^M^r 1 ™^'" 1 / (Mw^'dx 



which gives 

Combining the previous estimates, recalling that r' w [w]' A we obtain 
h<c p [w] A p{p) p — ^ / L i (R d), 
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and choosing now p such that 



we get 



P' = 1 + i f 1\ 1 \ ^ 2 < 
log(e+ [w] Al ) 



c[w]' A<xs log(e+[w] Al ) 
l rt S t ll/llLi(K ti )- 



This, along with estimates for Ji and for w(tl\), completes the proof of Theorem 
EH 

7. Commutators, proof of Theorem 11.241 and its consequences 

For the proof we need a sharp version of the John-Nirenberg Theorem, which 
can be essentialy found in [3T] p. 31-32. 

7.1. Lemma (Sharp John-Nirenberg). There are dimensional constants < ad < 
1 < (3d such that 

sup ±- [ exp f-^—\ b (y) - (b) Q \) dy < fa. (7.2) 
Q \Q\Jq \\\°\\bmo J 

In fact we can take ad = • 

A key consequence of this lemma for the present purposes is the fact that e Rezb w; 
inherits the good weight properties of w when the complex number z is small 
enough. More precisely, for the A2 constant we have: 

7.3. Lemma. There are dimensional constants td and Cd such that 

[e Rczb w] A2 < c d [w] A2 if\z\< " d 



b\\BMo{[w]' Aoa +[w-^ A J 



Proof. From the reverse Holder inequality with exponent r = 1 + 1/ (t^ [w]' a ), and 
the John-Nirenberg inequality, we have for an arbitrary Q 

l/r / r \ l/r' 

' Rcz(b-(b) Q )\ e Rcz(b) Q 



< (2j w) ■ (3 d -e Rcz ^i, j£\z\< 



IQ J ||0||BMO[WJ A 

By symmetry, we also have 



I w -i e -*e*»<2j3 d (-f w- 1 
Jq Vq 



Q ^Vq r " '"' ||&||bM0[^ l ]' Ao 

Multiplication of the two estimates gives 



j we Rczb )(j w- 1 e-*"' b ) <4?l 



iQ 

for all z as in the assertion, and completes the proof. □ 

There is an analogous statement for the Aoo constant [ \ A ■ (A similar result 
for [ ] Aoo is also true, and easier, but we will have no need for it, and it is therefore 
left as an exercise for the reader.) 
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7.4. Lemma. There are dimensional constants td and c d such that 
Rc2i>„,,i' ^ „ r„,,V Li s e A 



[e Rczb w]' A ^<c d [w]' A ^ if\z\< 



\b\\BM0[w]' Aa 



Proof. We know that w satisfies the reverse Holder inequality (J-q w 1+3S ) 1 / ( - 1+3 ' 5 ) < 
^j~Q w w ith a constant 5 = Cd/[w]' A < 2 _1 , where Cd is a small dimensional 
constant. We will prove that e Rezb w satisfies a reverse Holder estimate 

(e Rczb w) 1+d ) <C d i e Kezb w, (7.5) 

Q ' JQ 

for all z as in the assertion. This shows that 

[e R * zb w]' Aoo < 2C d /5 < c d [w]' Aoo 



by part b) of Theorem [ 

To prove (|7.5p . we first have 



<e Rc*(b) Q ({ e Rc Z ( b - {b)QK i + sf/sy /{1+S)2 (I w (i+5f\ 1/(1+S)2 



Q 

where we applied Holder's inequality with exponents (1 + 5)/ 5 and 1 + 5. Now 

(l + <5) 2 = 1 + 25 + 5 2 < 1 + 35, 
and hence the last factor is bounded by 2^ w. Moreover, by Lemma 177X1 we have 

f e Re*(6-<6 )Q )(l+ 5 ) = /* < p d if U| < <*d6 

Jq 4||6|| B mo 

So altogether 

(e Rczb w) 1+s ) 1/(1+5) < e Re *< 6 >« .p d .2-f w, (7.6) 
>Q ' JQ 

and we concentrate on the last factor. We observe that 

2 



l+5)/2 w (l-5)/2 



and hence 

i/(i-5) 



(£»' 



-S e Rczb(l-S) e -Rczb(l-S) 

I- we Rczb )(-[ e -**'Ki-S)/t 



I 



1/(1-5) 
5/(1-5) 



where we used Holder's inequality with exponents 1/(1 — 5) and 1/5. 
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Combining with (|7.6|1 . we have shown that 



5/(1-5) 



< 16/3 d - U we Rczb )-(3 d , 



provided that \z\ < aid6/\\b\\BMO m the last step. Altogether, we have proven (|7.5[) 
with d = 16/3J, under the condition that |z| < ctd5/(4:\\b\\BMo), an d this completes 
the proof. □ 

Proof of Theorem \1.24\ The proof is a revised version of that of [3] following the 
second proof in the classical L p theorem for commutators that can be found in [B] . 
Indeed, we begin by considering the "conjugate" of the operator given by 

T z (f)=e zb T(e- zb f). 

where z is any complex number. Then, a computation gives (for instance for "nice" 
functions), 

[b,T]{f) = ^-T z {f%=o = ^- [ ^fidz, e>0, 
by the Cauchy integral theorem. Now, by Minkowski's inequality 

\\[b,T](f)\\ L , (w) < -i-j / \\T z {f)\\ LHw) \dz\, e>0, (7.7) 

z7re J\z\=e 

all we need to do is estimate ||T , z(/)||l 2 (>) = \\T(e~ zb f)\\ L 2( e 2-aczb w ^ , for \z\ = e 
with appropriate e. By the main hypothesis of the theorem, we have 

\\rrir — zb £\ II ^ I r 2 Re z b i r 2Rc2& 1/ r 2 Rc z b V \ 1 —zbr\\ 

\\T{e f)\\L*(w) < tp[[e w\A 2 ,[e w\ Aoo ,[e ^lA^jV f\\L*(e*B**<>iv), 

where \\e~ zb f\\ L 2 (e 2n,,b w) = ||/||z,2( w ). 

By Lemmas 17.31 and 17.41 (the latter applied to both w and u> _1 ), we have 



we 



' z ]a 2 < C d [w] A2 , [we 2Rcbz y A ^ < C d [w]' Aoe , 
provided that 

\z\ = e< 



i\b\\BMo{W A ^+{w-iy A J 
Using this radius and the above estimates in (|7.7[) . we obtain 

\\[b,T](f)\\ L 2 (w) < ^-L | _ ^(CdH^^CdN^,^^- 1 ]^)!!/!!^^)^^! 

X ( / 3(C d [w]A 2 ,C d [w]^ oo ,C c i[w" 1 ]^ oc )||/|| L 2( tl , ) . 

This concludes the proof of the main part of the theorem. The estimate for T & fc 
is deduced by iterating from the case k = 1. □ 
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8. Examples 

We compare our new estimates with earlier quantitative results by means of some 
examples. 

8. A. Power weights and the maximal inequality. 

Let d = 1 and p € (1, oo) be fixed; we do not pay attention to the dependence 
of multiplicative constants on p. For w(x) = \x\ a and — 1 < a < p — 1, one easily 
checks that 

r 1 __1 1 

lJi **~l + a ((p - 1) - ay- 1 ' 
Ha. ~ fic- 1 ^- 1 )]. 



1 + a' L J 00 (p-l)-a' 

moreover, the functionals [ and [ ]' A are comparable for these weights. 

Letting a — > -1 or a -> p - 1, this shows that we have power weights with 
[w]a = i > 1 and either [ioJa. ~ t and [m> _1 ^ p ~ 1 ^]a oc , ~ 1, or [wJa^ ~ 1 and 
[w-VCp-i)]^ ^tV(P-i). 

With [w]a p ~ Ma^ ~ i 3> 1 and [tu -1 ' " ,-1 ']a oc ~ 1, our maximal estimate 

l|M|U (LPW) < (Ma>- 1/(p - 1) ]aJ 1/p ~ 
clearly improves on Buckley's bound 

\\MU {Lnw)) <[w])[f- X) ^tV^\ 

Despite this improvement over earlier estimates, our bounds fail to provide a two- 
sided estimate for the norm of the maximal operator: A. Lerner and S. Ombrosi 
|25| have constructed a family of weights which shows that 

inf W M \\mm W )) = 

The weights of their example are products of power weights and the two-valued 
weights considered in the next subsection. 



8.B. Two-valued weights and Calderon Zygmund operators. 

The estimates for the Muckenhoupt constants of power weights in the previous 
subsection show that 

HA^Iwk+K^^HL + rt^ for w(x) = \x\ a , d=l, 
so the improvement of our bound 

\\T\\ m m w)) < H^ 2 (Ma„ + WYaJ 1/2 

over ||T||^( i 2( UJ )) < [w]a 2 is invisible to such weights. 

However, the difference can be observed with weights of the form w = t ■ \e + 
XbXBi where t > and E C M is a measurable set, so that both E and K \ E have 
positive Lebesgue measure. As / ranges over all intervals of K, the ratio \E<~) I\/\I\ 
ranges (at least) over all values a £ (0, 1), and hence 

Ma 2 = SU P i a t + 1 — + 1 — a) = — — — , 

a£(0,l) 4< 
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and 

[w] Aoo = sup (at+ 1 -a)e- alogt =: sup /(a). 

ae(0,l) a£(0,l) 

Now /'(a) = at the unique point d = 1/ logt — l/(t — 1) € (0, 1), and so 

r i ,, M log* f*/logi, t> 1, 

w A™ = j{ot) = e exp ~ < , , 

1 log* *-i {rViogt- 1 , 0<t«l. 

Assume then that i 3> 1 so that [u^a^ ~ t/ logi. Since a is a weight of the same 
form with t^ 1 <C 1 in place of t, we also have [cr]^ ~ t/logt. Thus 

Na 2 ~ t, \\T\y {L 2 iw)) < [w] A ^ (Hi« + Ma^) 172 ~ . — r 

In particular, the above estimates already show that 

inf " r| K (L2W) = 0. 
™eA 2 [w\a 2 

If we use the sharper version of our Ai theorem with the weight constants [ ]' A 
instead, we find that ||T'||^(X2(. U) )) actually grow much slower than [u>]a 2 : 

8.1. Lemma. For w = t ■ \e + Xr\e an d t > 3, we have 

[w}' Ax <41ogt. 

(With the earlier estimate for [to]^ , this shows that [wJa^ can be exponentially 
larger than [w)' A .) 

Proof. Note that 

XiM{wxi) = Xi sup x.J-f w = Xi sup xjtjt{\J \ E\ + t\J r\ E\) 
jci J j jci \J\ 

= X/sup X ./(l + {t- 1)^t^) = Xi (1 + (* - l)M(x/n S )), 
jci \J\ 

and hence, abbreviating r := t — 1, 

M( WX/ ) = \I\ + t f M(xm E ) = \I\+t I \ln {M(xm E ) > X}\ dX 



< 



\i\ + T(£\i\d\ + J^\inE\d\) 

|/|+r(a|/|+2|/n^|log- 
|/| + r|/n^|fl + 21og. ^ ^ — " /nE " 



lin^i;' ■ |i| ' 

where the factor 2 is the weak- type (1,1) norm of the maximal operator on the real 
line. Since w(I) = \I\ + t\I H E\, we have 

If l + Ta(l + 21oga~ 1 ) 



™(I)Jl ag(0,l) 1 + ™ (g2) 

TQ 1 

= 1 + 2 sup — log-, 

aG(0.1) 1 +™ a 
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recalling that the ratio |I H attains at least all values a € (0, 1) as / ranges 

over all intervals. 

If a > r — 1 , then logo; -1 < logr, while ra/(l + ra) < 1. If a < r _1 , then 

ra log — = ra log h ra log r < — h log r, 

a ra e 

as xlogx -1 < e _1 and x < 1 for x = ra € (0,1). Altogether, recalling that 
t = t + 1 > 3, we have 

Nxoo < l + 2(-+logr) < (l + -)+21ogt<41ogt. □ 

e e 

Since a = u; -1 is a weight of the same form, we find that for these particular 
weights, 

[w] A2 ~ t, ||T|U (i2(w)) < MY 2 2 (M^ + J 1/2 < (Ho g i) 1/2 , 

so indeed ||T'||^( i 2( ll ,^ can grow much slower than [w]a 2 for such particular families 
of weights. This example also motivates the use of the Aoo constants [w\' A ^, rather 
than [w]^, whenever this is possible. 

In a similar way we can show that the main result from Theorem 11.211 strictly 
improves on the earlier estimate ()1.19[) . Indeed, if we let w be the previous weight 
with t ^> 1 so that w Al ~ t and [w]aoo ~ t/^ogt, then 



t 



(logt)Vf- 

As above, this family of weights shows that 

. f \\T\\s8(Lp(w)) 

mi — = 0, 1 < p < oo. 



8.C. Two-valued weights and dyadic shifts. 

Although it was not stated explicitly above, from the proof it is clear that our 
weighted bound for the dyadic shifts only depends on the dyadic Muckenhoupt 
constants, where the supremum is over dyadic cubes only, instead of all cubes. 
This makes a difference for the two- valued weights w — t ■ \e + Xs.\e considered 
above, when the set E is appropriately chosen. Indeed, with E := lj fcgz [2fc, 2fc + 1), 
one observes that the ratio \E n only attains the values 0, i, 1 as / ranges 

over the dyadic intervals. Consequently, the dyadic A^, constant has a different 
expression 

Ml„ = ma * (at + l-a)e-« t = ^ = (Hl) 1/2 , 
ae{o,i,i} z Vt 

where [w] A = [w]a 2 j as one easily observes. Repeating the proof of Lemma \8. II in 
the dyadic case (recalling that the weak- type (1,1) norm is Cd = 1 for the dyadic 
maximal operator), we get in place of (|8.2p that 

M2L<1+ SU P -^^log- = l + -^r-log2 < l + log2. 

«e{o,i/2,i} 1 + ra a 1 + ±r 

So these constants are actually uniformly bounded over the choice of the parame- 
ter t. 
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By symmetry, we also have [w -1 ]^ = [w]^ and [w -1 ]^ = [w] A , and hence, 
for this particular E and w = t ■ \e + Yjk\.E; 

llinil^M) < (r + i) 2 (Ml) 1/2 (Ml + \™- y XLf 2 S (r + i) 2 (KL) 1/a - 

The first constants [ } A would have given the weaker bound || III || ^(^,2 ^ 
(r + l) 2 (Hl 2 ) 3/4 , instead. 



8.D. The extrapolated bounds for Calderon Zygmund operators. 

It is interesting to compare our estimate (jl.8p . namely 

\\TU (Lnw)) < NX P " 1/[2(P " 1)] (N^ (p - 1)] + M^KMU 1 - 27 * 
<MX P (M^) 1 - 2/p I 

which is valid for any Calderon-Zygmund operator and for all p > 2, with an 
estimate implicitly contained in the proof of a related result by Lerner |24| , The- 
orem 1.2. He considers maximal trunctations T* of convolution-type Calderon- 
Zygmund operators, and obtains the following bound: 

\\T*\\sg(L*(-u,)) ^ Map (MaoJ 1/2 + \\M\\<%( LP{w)) , 

<NX 2 (H^) 1/2 , P e[3,oo), 

where the second estimate is an application of Buckley's result (we do not even 
need our improvement at this point), 

< NX (P_1) ^ MX 2 ' p e t 3 ' 00 )' 

In (|8.4j) . the factor ([wJa^) 1 ^ 2 comes from an estimate of Wilson [49] relating the 
weighted norms of the grand maximal function and a certain square function, while 

1/2 

[w] A is Lerner's bound for the weighted norm of such square functions (whose 
exponent is optimal by [8]). 

To simplify comparison, let us only consider the simpler form of our bound 
(|8.3p . Then the sum of the powers of [w]a p and [w]' A in both (|8.3p and (|8.4p is 
2/p + (1 — 2/p) = 1/2 + 1/2 = 1, and the sharper bound is the one where the 
larger weight constant [w)a has the smaller power. We have 2/p < 1/2 if and 
only if p > 4, and hence Lerner's bound is sharper for p € [3,4) and ours for 
p € (4, oo). This indicates that the present results might not be the last word on 
joint Ap-Aoo-control, but there is place for further investigation. 

9. Proof of the end-point theory at p = oo 

The proof again relies on the sharp reverse Holder inequality Theorem 12.31 if 
w € Aoo and if we let 

, \ 1 
r = r(w) := H j— r- — , 

°d Mao. 

then 



Q 



:S8 
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Proof of Theorem \1.2b\ For c = (/)q, 

l«l.gf |/-cI^)') 1/r(W, '(/^-)) 1/r(W) 



< 



< 



w(Q) 

\Q\ 

w(Q) 

Qr(^||/|| B MO < OjKaJI/I 



C d r{ W y\\f\\BMo)(2-f w 



BMOi 



which shows that ||/||bmo(i«) ^ II/IIbmo- Note that we used the sharp 

order of growth of the local LP norms of BMO functions as p —> oo, which follows 
easily from the exponential integrability. 

To see the sharpness for d = 1, consider w(x) = \x\~ 1+E , which has [wJa^ ~ 
[w]' A 7zl/e and f(x) = log |x|. We check that 

1 f 1 1 c 

II/IIbmow > inf — 77— -rr / | log - - a\w(x) dx > - > c[w] Aoo > c[w]' A , 
a w{[0, 1J) J x e 

which proves the claim. It is immediate that w([0, 1]) = J Q x~ 1+e dx = 1/e. It 
remains to compute 

f\ -i fOQ -i />00 

/ \\og--a\x- 1+£ dx= \t-a\e- et dt = — / \u-ea\ e - u du. 
Jo x Jo £ Jo 

It suffices to check that ip(a) := \u — a\e~ u du > c > for all a G M. But this 
is an easy calculus exercise. □ 



We now prove Corollary 11.271 on end-point estimates for Calderon-Zygmund 
operators. 



Proof of Corollary \1.27[ For the positive estimate, it suffices to factorize T = IoT, 
where T : L°° -> BMO and I : BMO -> BMO(w) have norm bounds c T and 
CcjMa , respectively. Concerning sharpness, note that the Hilbert transform of 
X(-i,o) is log(x + 1) — log a; for x > 0. Since log (a; + 1) is bounded on [0, 1], the 
computation proving the sharpness of the embedding BMO <-» BMO(w) also gives 
the lower bound 

H-ffX(-i,o)llBMO(| a; |- 1 +-) > c/e = c[x~ 1+e ] Aoo ||x(-i,o)||z/*> 

>4*- 1+e ]'Aj\X(-l,0)\\L-. □ 



We conclude with the proof of Proposition II .281 on the sharp relation of Aoo and 
BMO. Note that here we use the larger constant [ui]a„, not [w]^ . 
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Proof of Proposition 1 1 . 28[ Let Q be a cube. We estimate 
log w — log c| 



log 

Qn{ii>>c} c 



w l c 
log — 

Qn{to< c } w 



/ log - 4 

jQn{w>c} c 

2 / log- 

JQn{w>c} c 



log — 
logc+ / log — 



< 2 



Qn{iu>c 



^ + |Q| logc+|Q| log (H Aao 



Hence 



/ I log w - log c| < --[ w + log c + logkuU - log (-[ 
Jq °Jq Vq 

Choosing c = cq = w, we get 

j- |logw-logc Q | < l + log2 + log^ +log[w]A 00 -log (J- wj = log(2e[w]A DO ), 
and this proves that 



logw||sA/o < log(2e[w]A 00 )- 



□ 



9.1. Remark. In the last estimate, we cannot replace [wJa^ by [iij]^. Indeed, for 
the two-valued weight w = t ■ 1e + Irvb, one readily checks that || \ogw\\BMO ~ 
\ogt, whereas Lemma [8.11 shows that also [w]' A < logi. Thus ||logw||BA/o < 
log(c[ui]^4 ) would lead to the obvious contradiction that logt < c + log log t. 
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